Abstract. This work develops the notion of a kernel function for the heat equation in certain regions of n +1 -dimensional Euclidean space and applies that notion to the study of the boundary behavior of nonnegative temperatures. The regions in question are bounded between spacelike hyperplanes and satisfy a parabolic Lipschitz condition at points on the lateral boundary.
0. Introduction. The notion of a kernel function has been developed in the case of the Laplace operator by Hunt and Wheeden [4] , who prove existence and uniqueness for such functions in Lipschitz domains of «-dimensional Euclidean space Rn and use these functions to study the nontangential boundary behavior of harmonic functions which have a one-sided bound in the domain. In [7] we reported analogous results for the heat equation in certain regions of the plane. These results had been obtained in [6] . There, difficulties in the application of the techniques of [4] to the heat equation were overcome and some simplification of those techniques was achieved, notably in the proof of uniqueness of kernel functions. However, technical problems prevented treatment of the heat equation in more than one space dimension. The present work extends those results to the case of several space variables.
In §1 existence and uniqueness of kernel functions is established and a representation theorem is obtained for temperatures with a one-sided bound in a region satisfying a certain mixed-Lipschitz condition (conditions LI and L2 below). The main result of §2 is the existence almost everywhere (with respect to caloric measure) on the parabolic boundary of finite parabolic limits for temperatures with a one-sided bound in the region. This generalizes the work of Jones and Tu [5] and Hattemer [2] , who considered regions less general than those dealt with here. 1 . Kernel functions and a representation theorem. We denote by (x, t) a point in Än + 1, where x=(x1; x2,..., xn) = (x', xn) are the space variables and t the time variable. For a domain D in Rn + 1, we let 8PD be the parabolic boundary of D; i.e. dpD is the set of points on the boundary of D which can be connected to some interior point of D by a closed curve having strictly increasing ¿-coordinate. D is a regular domain for the Dirichlet problem for the heat equation if that problem is solvable in the Weiner-Perron sense for any (Borel) integrable boundary values. For regular domains we have the following:
Definition. If (x, t)-e D and Z^dD is a Borel measurable set, the caloric measure at (x, t) ofZ, denoted afg-fí(Z), is the value at (x, t) of the unique solution of the Dirichlet problem for the heat equation in D with boundary data given by the characteristic function of Z. (When there is no possibility of confusion, we shall suppress the subscript D, writing w(xM(Z).)
Throughout our discussion (X, T) will denote a fixed point in D. If t î nf {s : 3y with (y, s) eZ}, we must have co(x-n(Z) = 0 by the maximum principle. Furthermore, if (x, t)e D can be joined to (X, T) by a closed curve in D with strictly increasing /-coordinate, then Harnack's inequality and Besicovitch's general theory of differentiation [1] imply that the Radon-Nikodym derivative, 8oj(xM/Boj(X't\ which exists in ¿'(ci/*-"), is given a.e. (a>(X,r)) by .
w(Xit) (An) limit ~/y~t\7 \-\'
A"-(y,S) <"<X,r) (An) where An is any sequence of closed sets in 8PD which contain (y, s) and satisfy infn (a}(X-T)(An)/oe(X-T\Bn)) > 0, where Bn is the intersection of dpD with the smallest sphere centered at (y, s) and containing AB. We will be concerned with the following concept of a kernel function :
Definition. If (Y, S)e 8PD with S<T, si function K(x, t) defined in D is a kernel function at (Y, S)for the heat equation in D with respect to (X, T) if
(ii) K(x, t) satisfies the heat equation, AK=Kt, in D, (iii) limit(;c>i)_(!/,s);iXtt)eD K(x, t) = 0 for (y, s) e dpD-{(Y, S)}, (iv) K(X, T) = 1 (normalization condition). (If S^T, we shall take the kernel function at (Y, S) with respect to (X, T) to be identically zero.)
Suppose that D is a regular domain for the heat equation, and let DT = Dn {(x, t) : t^ T}. It is clear that if S< Tand a function K(x, t) satisfies (i)-(iv) in DT, then K(x, t) can be extended to a kernel function in D by solving a Dirichlet problem in D -Ds+S. Conversely, if K(x, t) is a kernel function at (Y, S) in D, then its restriction to DT is a kernel function at ( Y, S) in DT.
To obtain existence and uniqueness of kernel functions at a point (Y, S) e dpD, we require additional restrictions on dpD in a neighborhood of ( Y, S). We allow two conditions :
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Condition LI. dpD is given locally at (T, S) by t = S. Condition L2. 8pD is given locally at ( Y, S) by a function satisfying a mixedLipschitz condition with exponent 1 in the space variables and •£■ in the time variable.
Specifically, for condition L2 to hold, there is a sphere 0 with center ( Y, S), local space coordinates x, and a function f(x', t) defined in @'={(x', t) : 3xn with (x', xn, t) e 0} satisfying \f(x',t)-f(x'0,t0)\ S C(|x'-*0| + |í-í0r '2) for (x', t) and (x'0, t0) in 0', such that & ndpDn {(x, t) : t > S} = 6 n {(x, t) : xn = f(x', t)} n {t > S}, On Dn {(x, t) : t > S} = On {(x, t) : xn > f(x', t)} n{t > S}.
Thus, L2 describes the "side" points of dpD. Similarly, condition LI describes the "bottom" points of dpD. In the case of a "bottom corner" point (Y, S), condition L2 applies. In fact, by extending the domain, we may assume that dpD is given by the mixed-Lipschitz function f(x', t) in a complete neighborhood of (Y, S). We also note that any point ( Y, S) e dpD satisfying either condition LI or L2 is a regular boundary point for the heat equation by a theorem of Petrovski [8] .
The proofs of existence and uniqueness of kernel functions at points satisfying either condition are similar. We shall concentrate on points satisfying condition L2, pointing out any essential changes which would be required in the proofs for points satisfying LI.
We begin by establishing the following notation: if (Y, S) is a point satisfying condition L2 with a mixed-Lipschitz constant C, we fix a constant d<2C and define, for sufficiently small r, Y((Y, S), r) = Dn {(x, t) : \x'-Y'\ < r, \t-S\ < r2, \xn-Yn\ < rd}, with A((T, S), r) = 8D n {(x, t) : \x'-Y'\ < r, \t-S\ < r2}, and A((Y, S), r) = (Y', Yn + rd, S+(l +p.)r2), where p is small and depends only on D. (p, is chosen so that A(( Y, S), r)e D for small r.) In the case of a point satisfying condition LI, we have T((F, S), r) = Dn {(x, t) : \x-Y\ < r, \t-S\ < r2}, with A((T, S), r) = BD n {(x, t) : \x-Y\ <r} and A((Y, S),r) = (Y, S+(l+p.)r2). there exists a temperature in D(y, s), h(x, t) = l\mitN^oe hN(x, t). Because the hN's are uniformly bounded and vanish on a common boundary neighborhood of (y, s), a regular point, we have limit(JC>()_^iS);(A,()eD(ï,S) h(x, t) = 0. We claim that, for each (y, s) e (8PY2 n 8PD)-A2, the rate at which the corresponding h(x, t) tends to zero at (y, s) is the same. To see this, construct
\x'-y'\ < r', \t-s\ < r'2}, and let g(x, t) be the caloric measure in D(y, s) of that part of the boundary of D(y, s) not on the parabolic surface. Clearly, D(y, s)<^D(y, s) and, by the maximum principle in D(y, s), h(x, t)^g(x, t). Since the regions D(y, s) are identical, except for a translation, we have the desired uniform estimate on the functions h(x, t). Accordingly, choose a positive number S such thath(x, t)^l/C, whenever (x,t)eD(y,s) with \(x, t)-(y, s)\<8. Define the set ß2={(x, t) : (x, t) e 8Y2 -8D and dist ((x, t), (dW2 n 8PD)-A2) < 8}, where dist (P,S) is the distance from the point P to the set S. Let a2 = 8x¥2-ß2. By Harnack's inequality, there is a constant C3 > 0 such that
If C4 = max(C3, 1/C2), we have already seen that ü>(*''>(A') ^ C4«A(A') for (x, t) e D -Tj. Furthermore, we now see that eu(JC,t)(A') -¿ C4£o^(A') for (x, t)ea2, by (b). Therefore, to prove <«/*•»(A') ^ C4«/<A') in all of £>-T2, it suffices, by the maximum principle, to prove this estimate for (x, t)eß2. Provided that the constants Af and d0 have been chosen sufficiently large that x¥1 is contained in the complement of D,(y, s) and the parabolic cone in the complement of D(y, s) lies in the complement of D, which is made possible by the Lipschitz nature of 8PD, we may proceed. Since cu(x>i)(A') g C4a/i(A') for (x, t)e Dn 8D,(y, s), the maximum principle in D n D,(y,s) implies that <u(Jt,t)(A') ^ C4a/i(A')h,(x, t) in that set. Recalling (a) and our previous estimate on h(x, t) for (x, t) e ß2, we have £u(j:-t)(A')^C4cU^(A') for (x,t)eß2 and, therefore, in D-W2, establishing state- Applying this argument to the function u(x, t) given in the hypotheses and the region DT -N, with r replaced by r/4, and making use of Lemma 1.1 and Harnack's inequality, we obtain
We will most often use the following form of Lemma 1. Our next goal is to establish the uniqueness of kernel functions. Before proceeding with the actual proof, however, we will be able to simplify the form of the domain with which we must deal. Again, we consider kernel functions at a point ( Y, S) e 8PD with respect to a fixed point (X, T)e D with T> S. Generally, D is a regular domain for the Dirichlet problem for the heat equation which satisfies condition LI or condition L2 at ( Y, S). Proof. Since the result is trivially true for t<S, we will assume that 5=0, so that ( Y, S) is a point on the "bottom edge" of D. For convenience, we will also assume that Y=0, and, by a suitable choice of space coordinates, that the parabolic arc from (0, 0) to (X, T) is defined by xn = yt112, with x' = 0, for some positive constant y.
For r e (0, r0), define ß=ß(r) = 1 -(3(1 + p))my-ll2r, and set ur(x, t) = u(Qr(x, t)) = u(ßx', ßxn + (l -ß) + Br112, ß2t+y(l -ß)2), with B to be chosen. Note that ur is a temperature in Q^(D). Next, define *¥'=Y n {(x, t) : (x', xn + (l -ß) + Br112, t) e Y}. For small r, we claim that QrÇY^^Y, which is evident away from (Y, S). Thus, it suffices to show that QjCY")c{(x, t) : xn>f(x', t)}, where f(x', t) is the mixed-Lipschitz function defining the boundary of D near ( Y, S). Specifically, we are requiring that ßf(y', s) + (l -ß) + Br1'2 > f(ßy', ß2s + y(l -ß)2) for (y1, s) near (0, 0). It is already known that there is a positive constant C such that A?, s)-fW, ßzs+yd -ß)2) =? -C((\ -5)1/1 +((1 -ß2)s+y(l +ß)2)112).
Consequently, it is enough to show that where the "«" notation refers in each case to r=l/n. Combining this with our estimate for ur above, we have
for (x, t) e yYn. As n tends to infinity, T" tends to W and un tends to u. Thus, to conclude that u ^ CK in Y, we need only show that SUp oe<*-"XAn)/oe<x-TXAn)
tends to zero as n tends to infinity. This follows from Lemma 1.4 and another application of Harnack's inequality. Q.E.D. Proof. We have previously established the existence of a kernel function at (Y, S) in D with respect to (X, T) in the form of a limit of normalized caloric measures. We will continue to denote this kernel function by K(x, t). Our present task is then reduced to a proof of the uniqueness of K(x, t). According to Lemma 1.5, we may assume that D is a set of the form Y((Y, S), r). Then, by Lemma 1.6, if u(x, t) is any kernel function at ( Y, S) in D with respect to (X, T), then u(x, t) ä CK(x, t) for (x, t) e D, where C is a constant independent of u(x, t). In this case, the uniqueness of the kernel function follows from the uniqueness of the kernel function at the center base point of a cylinder, which can be verified along lines similar to those of Lemma 1.6. Assuming that the point in question is (0, 0), and that u(x, t) is an arbitrary kernel function at that point, the approximating functions are defined to be u,(x, t) = u(ßx, ß2t + (\ -ß)2), with ß = 1 -(3(1 +íu))ll2r.
Only the details of the proof differ from the previous one. Remark 1.9. As an easy consequence of Theorem 1.7, we see that the kernel function at a point (Y, S)e 8PD with respect to (X, T) is equal to the RadonNikodym derivative, da)lx-t)/doe'-x-T), evaluated at ( Y, S). Furthermore, if we now emphasize the dependence of the kernel function on the point ( Y, S) by denoting the kernel function at ( Y, S) in D with respect to (X, T) by K(x, t, Y, S), it is easily seen that this dependence is continuous for ( Y, S) on the parabolic boundary.
With the notion of kernel functions well established, we can now prove an important representation theorem for nonnegative temperatures. (Here, G° denotes the interior of G.) A standard result implies that v(x,n can be extended to a regular Borel measure v(x-l)(-) on 8PDT. By Harnack's inequality, v<x¡t) is absolutely continuous with respect to v{X-T) if (x, /) e DT. Taking Ar = A((y, s), r) for (y, s) e 8PDT, it follows from Lemma 1.4 and the uniqueness of kernel functions that K(x, t, y, s) = limit ,<*•»(Ar)/V*'r>(Ar) = |JJ (y, s).
We then have u(x, t) = Sx'n(8pDT) = | d^-'Xy, s) = | K(x, t, y, s) du<x-T\y, s).
To prove uniqueness for the representing measure, let -ij be another regular Borel measure on 8PDT such that u(x, t) = K(x, t, y, s) d-q(y, s). 2. Existence of parabolic limits at the boundary. In this section we will make use of Theorem 1.10 in proving the existence of parabolic limits almost everywhere (oj(X-T)) on 8PDT for nonnegative temperatures in DT.
Definition. A function u(x, t) defined in DT has parabolic limit L at a point (y, s) e 8PDT if, for each parabolic cone Fc D with vertex (y, s) which opens away from 8D and satisfies V n 8pDT = {(y, s)}, we have lim\t(xt)^(ys).ix0eV u(x, t)=L.
(For (y, s) e 8PDT satisfying condition L2, V opens away from 8D if Vcz{(x,t):xn>yn}.)
We begin with several lemmas concerning the uniform behavior of kernel functions. We continue to assume condition LI or condition L2 on 8PD. In the several lemmas that follow, attention will be restricted to domains DT which satisfy an additional condition:
(Z) There is a hyperplane H={(x, t) : <x, a} = 9} such that 8PDT intersects H in a simply connected set B, which is open in H, with supCj;>()eB / = T and infu,f)6BÍ = 0.
In particular, (Z) is satisfied by domains T(( F, S), r) with an appropriate choice of local coordinates. In connection with condition (Z), we shall also assume that 0=0 and DT<^{(x, t) : <x, a><0}. (Here, a is an n-vector and <• , •> denotes the inner product in Rn.) Lemma 2.2. Let DT satisfy (Z) and let U<= 8PDT be bounded away from the set B. Then Again, a similar result can be proven when condition LI is satisfied at a point ( Y, 0) e 8PD. In this case one considers Kr(x, t, y, s) = K(x, t + (2+p.)r2, y, s). By the maximum principle and Harnack's inequality, Kr(X, T, y, s) â CK(A, y, s)^x-T\A(( Y, 0), r)) for small r.
We can now prove the final essential lemma. Next, let 2 = {(x, t) : \x-Y\ < 1, \t-S\ < 1}
where B is chosen so that {(x, t) : xn -Yn ^ -B(\ t -S \ll2 +1x' -Y' |)} is contained in the complement of DT. Let 2; be the region formed by parabolically shrinking 2 by the factor 2' " 3r and let hf denote the caloric measure in S; of that part of 8PY>¡ which does not lie on the cone. The maximum principle in DT n S3, which is contained in DT-Ty, implies that K(x, t, y¡, s,) ^ Ch,(x, 0/ü><x>r)(A;) for (x, t)eDTn Sy.
Setting (x, t) = A0, K(A0,y" s,) g CA^o)/"»'*-"^), and it follows that sup K(x, t, y, s) < Ch^A^/oi^XA,). Thus, by the ratio test, 2"= s h¡(A0) < oo. Q.E.D.
As usual, the proof for a point ( Y, S) at which condition Ll is satisfied is similar. We omit the details. Using Lemma 2.5, we can now prove the almost everywhere existence of parabolic limits. Theorem 2.6. Let u(x, t) be a nonnegative temperature in DT, which is assumed to satisfy condition Ll or condition L2 at each point on its parabolic boundary 8PDT. Then u(x, t) has finite parabolic limits at each point (y, s) e 8PDT, except for a set of zero caloric measure.
Case lb. Here DT={(x, t) : \x\ < 1, 0</< 1}, and u(x, t) is shown to have finite parabolic limits almost everywhere (o>(X-T)) on that part of 8PDT where t = 0. The proof of Case la can be repeated in this situation, taking into account the remarks made previously concerning boundary points at which condition Ll is satisfied.
Case 2. In this case we consider general domains DT which satisfy condition Ll or condition L2 at each point of 8PDT. Let (yx, s¡), /= 1, 2,..., be a countable dense subset of 8PDT. For each i there is a neighborhood Nt of (yu sx) in 8PDT which satisfies one of the following conditions:
(I) If (yx, sx) is a point of 8PDT at which condition Ll is satisfied, then Nx is the base of a cylinder Rx which is contained in DT and has axis in the r-direction.
(II) If (jj, sx) is a point of 8PDT at which condition L2 is satisfied, then there is a positive number rx such that Nx = A((yx, sx), rx). In this case we take Rx = ^(y^ sx), rx).
For each i, NX<=8PRX, and we can choose another neighborhood N¡ of (yx, sx) in 8PDT with N'xcNx. Conditions (I) and (II) guarantee that u(x, t) has finite parabolic limits on N'x, except possibly for a set of zero caloric measure in Rt, according to the results of Cases la and lb. To complete the proof, it suffices to show that if ZjCA/j is the set of zero caloric measure in Rx where u(x, t) fails to have finite parabolic limits, then Zx must also be a set of zero caloric measure in DT. With this aim, let (x, t) e Rx with w'ixM(Zi)=0, where mx denotes caloric measure in Rx. If «j denotes caloric measure in DT, then a)(xM(Zi)=Pi(x, t), where Px is the solution of the Dirichlet problem for the heat equation in Rx with boundary values equal to oju,u)(Zi) for (z, u) e 8PRX -8PDT and equal to zero for (z, u) e 8pRt n 8PDT. Since NX<=8PRX n 8PDT, we have limit a><*-»(Z,) = 0 for (y, s) e Nx.
It follows that limitUií)^(!/_s);(x-()6Dl, cuu,í)(Z¡)=0. Since we also have limit co(xM(Zx) = 0 for (y,s)e8pDT-Nt, (X,t)-(y,s);(X,tleDT the maximum principle implies that a)<xM(Zx) = 0 for (x, t) e DT. Q.E.D.
The following result is a simple corollary of the proof. JêpDT has parabolic limits equal to f(y, s)for almost every (aj(X,T))(y, s) in 8PDT.
(II) oj(x,t)(E) has parabolic limit equal to 1 almost everywhere (tu(X'T)) on E, where E is a measurable subset of 8PDT.
Remarks. Following the arguments of Hunt and Wheeden [4] in the case of harmonic functions, these results can be extended. Specifically, we need only
